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16. THE THEOREM  OF RESIDUES
We first recall that any subset S c C the points of which are all isolated
is at most denumerable, for the subspace S of C is then discrete and separable
(by (3.9.2), (3.20.16), and (3.10.9)), hence S is the only dense subset of S
(3.10.10).
(9.16.1) Let A aC be a simply connected domain, (an) a (finite or infinite)
sequence of distinct isolated points of A, S the set of points of that sequence.
Let f be an analytic mapping of A. — S into a complex Banach space E, and
let y be a circuit in A - S. Then we have
where R(an) is the residue, of fat the point an, and there are only a finite number
of terms ^0 on the right-hand side ("theorem of residues ").
We can obviously suppose each an is a singular point for /, for we can
extend / by continuity to all nonsingular points an, which does not change
both sides of the formula (since R(an) = 0 if an is not singular). Under
that assumption, for any compact set L c A, L n S is finite, for L n S is
closed in L, as A — S is open in C by definition; hence L n S, being compact
and discrete, is finite (3.16.3). Let I be the interval in which y is defined,
and let P be the set of points xeA such that j(x; y) ^ 0. We know (9.8.6)
that the closure P of P in C is compact, and P does not contain any frontier
point of A, for such a point cannot be in y(I), nor have index ^0 with
respect to y, by (9.8.7); as the set of points x in C — y(I) where the index
j(x; y) takes a given value is open (9.8.3), any point in P which does not
belong to y(I) is in P, hence P c A. On the other hand, let (p(t, £) be a loop
homotopy in A of y into a one-point circuit (t e I, £ e J, where J is a compact
interval). Then M = <p(I x J) is a compact subset of A. Let H c N be the
finite set of the integers n such that aneMuP; for each «eH, let
un(l/(z - an)) be the singular part of/at the point an. Let B be the comple-
ment in A of the set of points an such that n $ H; then B is open, for a compact
neighborhood of a point of B, contained in A, has a finite intersection with S,
By definition of the singular parts, there is a function g, analytic in B, and
which is equal to f(z) - £ u\	)   at  every point z ^ an (neH).
neH       V — an/

